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Scaling Relations

Core density × core radius =

– 17 –

Pasetto et al. 2011). Our analyses instead shows that rt measures the radius of the satellite’s dark

halo core and therefore does not contain information about the location of the tidal radius.

That rt traces the dark halo’s core radii follows from the fact that the dSphs on average have

κ ≈ 2.6. rt is close to the point, where the logarithmic density gradient d ln ρ∗/d ln r begins to

decrease faster then -3 which, according to equation 8, then corresponds to a dark halo density

gradient of d ln ρ/d ln r = −3/κ = −1.2. The upper right panel of figure 1 shows that this slope is

close to the core radius rc of the dark matter halo. It is not clear yet, whether this is a coincidence

or whether the processes that generated the dark halo cores and their non-self gravitating stellar

tracer component naturally lead to such a configuration (Dekel & Woo 2003).

For DIS systems, the central Gaussian scale length a∗, the velocity dispersion σ∗ and the

concentration c of the stellar component completely specify the dark halo core parameters ρ0,

σ0 and rc. We determined these parameters for 8 dSphs of the Milky Way and find that their

dark halos have the same core surface densities ρ0 × rc = 75+85
−45 M⊙ pc−2 as more massive

galaxies, with exactly the same spread. This is very puzzling as dSphs have a different struc-

ture and live in very different environments. The origin of dark matter cores is still not well

understood. Suggestions range from gravitational interaction with the baryonic component (e.g.

Navarro et al. 1996; El-Zant et al. 2001; Goerdt et al. 2010; Inoue & Saitoh 2011; Ogiya & Mori

2011; Pontzen & Governato 2012; Governato et al. 2012; Teyssier et al. 2013; Gritschneder & Lin

2013; Ogiya & Mori 2014; Ogiya et al. 2014) to a non-standard primordial power spectrum (Zentner & Bullock

2002; Polisensky & Ricotti 2014), warm dark matter (e.g. Lovell et al. 2014), other intrinsic prop-

erties of dark matter like self-interaction and self-annihilation (e.g. Spergel & Steinhardt 2000;

Burkert 2000; Loeb & Weiner 2011; Elbert et al. 2014) or modifications of Newtonian dynamics

(e.g. Milgrom 1983; Kroupa 2012). Whatever the mechanisms, considerable fine tune is required in

order to generate a universal core scaling relation over more than 18 orders of magnitudes in blue

magnitude MB with exactly the same spread.

Adopting a constant core surface density, Mc depends strongly on rc. Focussing however on

a fixed radius ru, the enclosed mass Mu shows a different dependence on halo core radius, with a

maximum at rc = ru. All halos with core radii in the vicinity of this maximum should therefore

show similar values of Mu which could explain the observations of Strigari et al. (2008). The best

choice of ru is therefore dependent on the dSph’s distribution of rc. There does however not exist

a universal mass scale Mu that is independent of rc. Smaller values of Mu are expected for outliers

with core radii that are very different from ru. Turning this argument around, if such a universal

mass would exist, independent of rc, it would be a clear signature that dark halo cores are not

isothermal.

As the core radii of dSphs are small, their core densities have to be high in order for the core

surface density to remain constant. This should shield dSphs efficiently against the tidal forces of

their host galaxies. Adopting a constant rotation curve vrot, the Milky Way’s mean density within

a given radius r is
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1) NFW profile 
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Using a simple analytic formalism, we demonstrate that significant dark matter self-interactions
produce halo cores that obey scaling relations nearly independent of the underlying particle physics
parameters such as the annihilation cross section and the mass of the dark matter particle. For dwarf
galaxies, we predict that the core density ⇢c and the core radius rc should obey ⇢crc ⇡ 75M�pc

�2.
Remarkably, such a scaling relation has recently been empirically inferred. Scaling relations involving
core mass, core radius, and core velocity dispersion are predicted and agree well with observational
data. By calibrating against numerical simulations, we predict the scatter in these relations and find
them to be in excellent agreement with existing data. Future observations can test our predictions
for di↵erent halo masses and redshifts.

Introduction. The standard cosmological model with
a cosmological constant ⇤ and cold dark matter (CDM)
has been confirmed on large scales by a wealth of suc-
cessful predictions. Yet despite its simplicity and exper-
imental success, a variety of challenges to the ⇤CDM
paradigm persist. On the observational side, the CDM
paradigm su↵ers from the well-known cusp-core problem
(see [1] for a review); numerical simulations [2, 3] pre-
dict that the density of dark matter halos should rise
sharply towards the center of the halo forming a “cusp”,
whereas observations (see e.g. [4] and references therein)
indicate that the dark matter in the center of halos rises
more gently, resembling a “core” even in dwarf galaxies
where the baryonic content is negligible [5]. Motivated
by observations, various models of interacting dark mat-
ter have been proposed to alleviate this tension includ-
ing scattering [6, 7] and annihilation [8]. Many inter-
esting experiments (for recent progress see e.g. [9, 10]
and references therein) have been devised to constrain
some combination of mass and interaction cross section.
Here, we focus on the model-independent observational
signatures of annihilation. Remarkably, we find that scal-
ing relations exist that are generic predictions of self-
interactions where any dependence on the cross section �
and the particle mass cancel. We can thus make predic-
tions about annihilation signature without introducing
any additional parameters beyond what is required in a
minimal ⇤CDM cosmology. Throughout this Letter, we
assume h ⌘ H0/(100 km s�1 Mpc�1) = 0.7, ⌦m = 0.27,
and ⌦⇤ = 0.73 [11].

Core scaling relations To derive the core scaling re-
lations, we need two simple ingredients. The first ingre-
dient is the initial condition of the dark matter density
profile, before enough cosmic time has passed for annihi-
lation to significantly alter the profile. We take the dark
matter profiles to be of the Navarro-Frenk-White (NFW)
form [2]:

⇢(r, t = t0) =
⇢0

(r/rs)(1 + r/rs)2
. (1)

Here t0 is the age of the universe when the dark matter
halo virialized. We will comment shortly on the modifi-

cation of our results if the inner profile of the dark matter
halo is more accurately described by the Einasto profile
[12], which is likely a better fit to simulations [13]. To
determine ⇢0 and rs for a halo of mass M and redshift z,
we adopt an expression for the concentration parameter
c200(M, z) ⌘ rs/r200, where r200 is defined as the radius
interior to which the average density is 200 times the crit-
ical density of the universe ⇢crit = (3H2/8⇡G), where H
is the Hubble parameter. We adopt the fitting formulae
of Dutton and Macciò [14], their equations 7, 10, and 11,
calibrated from the results of their N-body simulations:

log c200 = a+ b log(M/1012h�1M�)

a = 0.520 + 0.385 exp (�0.617z1.21)

b = �0.101 + 0.026z.

(2)

These formulae are in agreement with a recently proposed
universal model of [15].

The second ingredient is the evolution of the dark mat-
ter profiles with time. We will only consider the simplest
case of s-wave annihilation where h�vi = const. This
is a reasonable approximation for most annihilation pro-
cesses unless a quantum selection rule prevents s-wave
annihilation or the cross section acquires a sharp veloc-
ity dependence due to Sommerfeld enhancement. Ignor-
ing the gravitational back reaction, the time derivative
of the density is given by

⇢̇(x, t) = ��⇢2(x, t), (3)

where �⇢ has units of inverse time. The solution to this
equation is

⇢(r, t) =
⇢(r, t0)

1 + f � t⇢(r, t0)
, (4)

where we have inserted a fudge factor f > 1 (e↵ec-
tively rescaling �) in anticipation that gravitational back-
reaction should change the profile. (If gravitational back-
reaction is negligible, f = 1).
For small radii r ⌧ rs, ⇢(r, t0) ⇡ ⇢0 (r/rs)

�1 and we
obtain

⇢(r, t) ⇡ ⇢c
r/rc + 1

, (5)
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Using a simple analytic formalism, we demonstrate that significant dark matter self-interactions
produce halo cores that obey scaling relations nearly independent of the underlying particle physics
parameters such as the annihilation cross section and the mass of the dark matter particle. For dwarf
galaxies, we predict that the core density ⇢c and the core radius rc should obey ⇢crc ⇡ 75M�pc

�2.
Remarkably, such a scaling relation has recently been empirically inferred. Scaling relations involving
core mass, core radius, and core velocity dispersion are predicted and agree well with observational
data. By calibrating against numerical simulations, we predict the scatter in these relations and find
them to be in excellent agreement with existing data. Future observations can test our predictions
for di↵erent halo masses and redshifts.

Introduction. The standard cosmological model with
a cosmological constant ⇤ and cold dark matter (CDM)
has been confirmed on large scales by a wealth of suc-
cessful predictions. Yet despite its simplicity and exper-
imental success, a variety of challenges to the ⇤CDM
paradigm persist. On the observational side, the CDM
paradigm su↵ers from the well-known cusp-core problem
(see [1] for a review); numerical simulations [2, 3] pre-
dict that the density of dark matter halos should rise
sharply towards the center of the halo forming a “cusp”,
whereas observations (see e.g. [4] and references therein)
indicate that the dark matter in the center of halos rises
more gently, resembling a “core” even in dwarf galaxies
where the baryonic content is negligible [5]. Motivated
by observations, various models of interacting dark mat-
ter have been proposed to alleviate this tension includ-
ing scattering [6, 7] and annihilation [8]. Many inter-
esting experiments (for recent progress see e.g. [9, 10]
and references therein) have been devised to constrain
some combination of mass and interaction cross section.
Here, we focus on the model-independent observational
signatures of annihilation. Remarkably, we find that scal-
ing relations exist that are generic predictions of self-
interactions where any dependence on the cross section �
and the particle mass cancel. We can thus make predic-
tions about annihilation signature without introducing
any additional parameters beyond what is required in a
minimal ⇤CDM cosmology. Throughout this Letter, we
assume h ⌘ H0/(100 km s�1 Mpc�1) = 0.7, ⌦m = 0.27,
and ⌦⇤ = 0.73 [11].

Core scaling relations To derive the core scaling re-
lations, we need two simple ingredients. The first ingre-
dient is the initial condition of the dark matter density
profile, before enough cosmic time has passed for annihi-
lation to significantly alter the profile. We take the dark
matter profiles to be of the Navarro-Frenk-White (NFW)
form [2]:

⇢(r, t = t0) =
⇢0

(r/rs)(1 + r/rs)2
. (1)

Here t0 is the age of the universe when the dark matter
halo virialized. We will comment shortly on the modifi-

cation of our results if the inner profile of the dark matter
halo is more accurately described by the Einasto profile
[12], which is likely a better fit to simulations [13]. To
determine ⇢0 and rs for a halo of mass M and redshift z,
we adopt an expression for the concentration parameter
c200(M, z) ⌘ rs/r200, where r200 is defined as the radius
interior to which the average density is 200 times the crit-
ical density of the universe ⇢crit = (3H2/8⇡G), where H
is the Hubble parameter. We adopt the fitting formulae
of Dutton and Macciò [14], their equations 7, 10, and 11,
calibrated from the results of their N-body simulations:

log c200 = a+ b log(M/1012h�1M�)

a = 0.520 + 0.385 exp (�0.617z1.21)

b = �0.101 + 0.026z.

(2)

These formulae are in agreement with a recently proposed
universal model of [15].

The second ingredient is the evolution of the dark mat-
ter profiles with time. We will only consider the simplest
case of s-wave annihilation where h�vi = const. This
is a reasonable approximation for most annihilation pro-
cesses unless a quantum selection rule prevents s-wave
annihilation or the cross section acquires a sharp veloc-
ity dependence due to Sommerfeld enhancement. Ignor-
ing the gravitational back reaction, the time derivative
of the density is given by

⇢̇(x, t) = ��⇢2(x, t), (3)

where �⇢ has units of inverse time. The solution to this
equation is

⇢(r, t) =
⇢(r, t0)

1 + f � t⇢(r, t0)
, (4)

where we have inserted a fudge factor f > 1 (e↵ec-
tively rescaling �) in anticipation that gravitational back-
reaction should change the profile. (If gravitational back-
reaction is negligible, f = 1).
For small radii r ⌧ rs, ⇢(r, t0) ⇡ ⇢0 (r/rs)

�1 and we
obtain

⇢(r, t) ⇡ ⇢c
r/rc + 1

, (5)
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3) Effect of self-interactions on initial NFW 
profile
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Using a simple analytic formalism, we demonstrate that significant dark matter self-interactions
produce halo cores that obey scaling relations nearly independent of the underlying particle physics
parameters such as the annihilation cross section and the mass of the dark matter particle. For dwarf
galaxies, we predict that the core density ⇢c and the core radius rc should obey ⇢crc ⇡ 75M�pc

�2.
Remarkably, such a scaling relation has recently been empirically inferred. Scaling relations involving
core mass, core radius, and core velocity dispersion are predicted and agree well with observational
data. By calibrating against numerical simulations, we predict the scatter in these relations and find
them to be in excellent agreement with existing data. Future observations can test our predictions
for di↵erent halo masses and redshifts.

Introduction. The standard cosmological model with
a cosmological constant ⇤ and cold dark matter (CDM)
has been confirmed on large scales by a wealth of suc-
cessful predictions. Yet despite its simplicity and exper-
imental success, a variety of challenges to the ⇤CDM
paradigm persist. On the observational side, the CDM
paradigm su↵ers from the well-known cusp-core problem
(see [1] for a review); numerical simulations [2, 3] pre-
dict that the density of dark matter halos should rise
sharply towards the center of the halo forming a “cusp”,
whereas observations (see e.g. [4] and references therein)
indicate that the dark matter in the center of halos rises
more gently, resembling a “core” even in dwarf galaxies
where the baryonic content is negligible [5]. Motivated
by observations, various models of interacting dark mat-
ter have been proposed to alleviate this tension includ-
ing scattering [6, 7] and annihilation [8]. Many inter-
esting experiments (for recent progress see e.g. [9, 10]
and references therein) have been devised to constrain
some combination of mass and interaction cross section.
Here, we focus on the model-independent observational
signatures of annihilation. Remarkably, we find that scal-
ing relations exist that are generic predictions of self-
interactions where any dependence on the cross section �
and the particle mass cancel. We can thus make predic-
tions about annihilation signature without introducing
any additional parameters beyond what is required in a
minimal ⇤CDM cosmology. Throughout this Letter, we
assume h ⌘ H0/(100 km s�1 Mpc�1) = 0.7, ⌦m = 0.27,
and ⌦⇤ = 0.73 [11].

Core scaling relations To derive the core scaling re-
lations, we need two simple ingredients. The first ingre-
dient is the initial condition of the dark matter density
profile, before enough cosmic time has passed for annihi-
lation to significantly alter the profile. We take the dark
matter profiles to be of the Navarro-Frenk-White (NFW)
form [2]:

⇢(r, t = t0) =
⇢0

(r/rs)(1 + r/rs)2
. (1)

Here t0 is the age of the universe when the dark matter
halo virialized. We will comment shortly on the modifi-

cation of our results if the inner profile of the dark matter
halo is more accurately described by the Einasto profile
[12], which is likely a better fit to simulations [13]. To
determine ⇢0 and rs for a halo of mass M and redshift z,
we adopt an expression for the concentration parameter
c200(M, z) ⌘ rs/r200, where r200 is defined as the radius
interior to which the average density is 200 times the crit-
ical density of the universe ⇢crit = (3H2/8⇡G), where H
is the Hubble parameter. We adopt the fitting formulae
of Dutton and Macciò [14], their equations 7, 10, and 11,
calibrated from the results of their N-body simulations:

log c200 = a+ b log(M/1012h�1M�)

a = 0.520 + 0.385 exp (�0.617z1.21)

b = �0.101 + 0.026z.

(2)

These formulae are in agreement with a recently proposed
universal model of [15].

The second ingredient is the evolution of the dark mat-
ter profiles with time. We will only consider the simplest
case of s-wave annihilation where h�vi = const. This
is a reasonable approximation for most annihilation pro-
cesses unless a quantum selection rule prevents s-wave
annihilation or the cross section acquires a sharp veloc-
ity dependence due to Sommerfeld enhancement. Ignor-
ing the gravitational back reaction, the time derivative
of the density is given by

⇢̇(x, t) = ��⇢2(x, t), (3)

where �⇢ has units of inverse time. The solution to this
equation is

⇢(r, t) =
⇢(r, t0)

1 + f � t⇢(r, t0)
, (4)

where we have inserted a fudge factor f > 1 (e↵ec-
tively rescaling �) in anticipation that gravitational back-
reaction should change the profile. (If gravitational back-
reaction is negligible, f = 1).
For small radii r ⌧ rs, ⇢(r, t0) ⇡ ⇢0 (r/rs)

�1 and we
obtain

⇢(r, t) ⇡ ⇢c
r/rc + 1

, (5)
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+ Adiabatic expansion of core  
r × M(<r) = const
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This holds for annihilation and scattering!
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Figure from Elbert et. al (2014)
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2

where we have introduced a core density and core radius
given by ⇢c = (f � t)�1 and rc = (f � t ⇢0) rs, respec-
tively. We see that large values of f expand the core.
Kaplinghat et al. [8] have argued that 3 . f . 10 (de-
creasing with mass) accurately accounts for the gravita-
tional back-reaction in the limit that annihilation occurs
slowly such that the adiabatic invariant rM(r) is con-
served; numerical simulations of annihilating [8, 16] and
self-interacting (scattering only) [17] dark matter confirm
the accuracy of this approximation. These simulations
also show that our results are qualitatively una↵ected by
the choice of NFW or Einasto profiles, at least when the
dark matter interaction is strong enough so that the core
radius rc & 10�2 rs and the di↵erences between NFW
and Einasto are significant.

Although we have motivated equation (3) by consider-
ing annihilating dark matter, we note that scattering also
has a similar e↵ect, as scattering will kick particles from
the high density inner regions to larger radii, where their
contribution to the mass budget is negligible. Since the
scattering rate is also proportional to ⇢2, � in equation
(3) should also include contributions from the scattering
cross section.

Although rc and ⇢c will have a large spread due to the
di↵erent formation times of halos, we have the overall
scaling relation

⇢crc = ⇢0rs. (6)

Note that the formation time t, the fudge factor f , and
the annihilation rate � no longer appear in this result for
the core surface density. The quantities on the right hand
side of equation (6) are properties of the dark matter halo
which can be easily computed. It is a straightforward to
integrate equation (1) to find

⇢0rs =
25 c2200 (2⇢crit/3)

2/3 (M/⇡)1/3

log(c200 + 1)� c200/(1 + c200)
. (7)

Since c200(M, z) is a very weak function of mass, we ex-
pect that the right hand side to scale roughly with M1/3.
A more detailed calculation shows that the mass depen-
dence is even weaker ⇢0rs / M0.2 at low redshifts and
even at a relatively high redshift z = 3, ⇢0rs / M0.3.
Thus, if we consider a subclass of halos such as dwarf
galaxies, ⇢crc will be approximately constant. This
is precisely the scaling relation inferred empirically in
Spano et al. [20], Donato et al. [21] and most recently
Burkert [4].

Although it is observationally di�cult to measure the
corresponding M200 of a dwarf galaxy, numerical simula-
tions [22] suggest that a typical value is M200 ⇠ 1010M�.
Using this as a fiducial value, we predict

⇢crc = 75M� pc�2 ⇥
✓

M200

1010M�

◆0.18

, (8)

where the logarithmic slope (M b with b = 0.18) has
been calibrated at the fiducial value, but is approxi-
mately constant; even for a galaxy cluster b = 0.22. In

particular, for the Phoenix galaxy cluster [19], ⇢crc ⇡
1.1⇥103M�/pc�2. We show the full dependence on mass
and redshift in Figure 1. Remarkably, such a scaling re-
lation has been empirically inferred by Burkert [4], who
reports that (in our notation) ⇢crc = 75+85

�45 M� pc�2 over
18 magnitudes in blue magnitude of the dwarf galaxies.
The reported uncertainties are not 1� uncertainties but
encompass all but 1 or 2 of the 48 data points.
It is worth mentioning that our derivation of the scal-

ing relations allows us to compute the expected scatter in
the observed relations. The two sources of scatter in our
model are the scatter in c200 that exists even for a fixed
mass and redshift, and the scatter in M if the observed
population of dwarf galaxies contains galaxies of di↵erent
virial masses. Note that from equation (7), ⇢crc / c2200
for large values of c200, whereas the explicit mass depen-
dence is much weaker. A typical amount of scatter (at
the 1� level) associated with c200 is ⇠ 0.1 to ⇠ 0.2 dex
[14]. Unless the standard deviation in the virial masses of
an observed population of dwarf galaxies is greater than
⇠ 1 to 2 orders of magnitude, the scatter in c200 will dom-
inate. To compare to empirical results, we will assume
that the population of dwarf spheroidal galaxies observed
in [4] does not contain such a diversity of masses. Cer-
tainly if the scatter in mass were much larger than an
order of magnitude, the fact that all of their halos have
logM0.3 = 7.1 ± 0.3 where M0.3 is the mass enclosed in
the inner 0.3 kpc would seem peculiar, since the total
mass is expected to scale with (M0.3)

2.9 [23]. Assuming
that c200 has a 1� scatter of 0.15 dex, we predict using
Monte Carlo methods that ⇢crc = 75+31

�22 M� pc�2 with a
68% confidence interval. Considering that the uncertain-
ties reported in Burkert [4] contain ⇠ 96% of the data
and are thus close to 2� bounds, there is good agreement
between the predicted and observed scatter.
Our scaling laws are also in agreement with Spano et al.

[20] and Donato et al. [21], which find in their sample
of galaxies and dwarf galaxies ⇢crc = 102.15±0.2M� pc�2

[21]. The higher value (by a factor of ⇠ 2) of ⇢crc com-
pared to the results of Burkert [4] is naturally explained
by our results, since their sample is dominated by more
massive halos. If the average M200 of their sample were
⇠ 1012M200, we would expect a ⇠ 2 factor of increase in
⇢crc.
As a consistency check, we may derive additional scal-

ing relations from our model. Since the density in the
region r . rc is approximately constant, we have

Mc

r2c
⇡ 4⇡

3
⇢crc ⇡ const, (9)

and the core velocity dispersion �c obeys �2
cr

�1
c ⇠

GM(r < rc)/r2c ⇠ G⇢0rc. Hence,

�2r�1
c ⇡ const. (10)

Of course, these are really just variants of the basic scal-
ing law for ⇢crc, but they serve as a check of the consis-
tency of our model as well as the experimental methods
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where we have introduced a core density and core radius
given by ⇢c = (f � t)�1 and rc = (f � t ⇢0) rs, respec-
tively. We see that large values of f expand the core.
Kaplinghat et al. [8] have argued that 3 . f . 10 (de-
creasing with mass) accurately accounts for the gravita-
tional back-reaction in the limit that annihilation occurs
slowly such that the adiabatic invariant rM(r) is con-
served; numerical simulations of annihilating [8, 16] and
self-interacting (scattering only) [17] dark matter confirm
the accuracy of this approximation. These simulations
also show that our results are qualitatively una↵ected by
the choice of NFW or Einasto profiles, at least when the
dark matter interaction is strong enough so that the core
radius rc & 10�2 rs and the di↵erences between NFW
and Einasto are significant.

Although we have motivated equation (3) by consider-
ing annihilating dark matter, we note that scattering also
has a similar e↵ect, as scattering will kick particles from
the high density inner regions to larger radii, where their
contribution to the mass budget is negligible. Since the
scattering rate is also proportional to ⇢2, � in equation
(3) should also include contributions from the scattering
cross section.

Although rc and ⇢c will have a large spread due to the
di↵erent formation times of halos, we have the overall
scaling relation

⇢crc = ⇢0rs. (6)

Note that the formation time t, the fudge factor f , and
the annihilation rate � no longer appear in this result for
the core surface density. The quantities on the right hand
side of equation (6) are properties of the dark matter halo
which can be easily computed. It is a straightforward to
integrate equation (1) to find

⇢0rs =
25 c2200 (2⇢crit/3)

2/3 (M/⇡)1/3

log(c200 + 1)� c200/(1 + c200)
. (7)

Since c200(M, z) is a very weak function of mass, we ex-
pect that the right hand side to scale roughly with M1/3.
A more detailed calculation shows that the mass depen-
dence is even weaker ⇢0rs / M0.2 at low redshifts and
even at a relatively high redshift z = 3, ⇢0rs / M0.3.
Thus, if we consider a subclass of halos such as dwarf
galaxies, ⇢crc will be approximately constant. This
is precisely the scaling relation inferred empirically in
Spano et al. [20], Donato et al. [21] and most recently
Burkert [4].

Although it is observationally di�cult to measure the
corresponding M200 of a dwarf galaxy, numerical simula-
tions [22] suggest that a typical value is M200 ⇠ 1010M�.
Using this as a fiducial value, we predict

⇢crc = 75M� pc�2 ⇥
✓

M200

1010M�

◆0.18

, (8)

where the logarithmic slope (M b with b = 0.18) has
been calibrated at the fiducial value, but is approxi-
mately constant; even for a galaxy cluster b = 0.22. In

particular, for the Phoenix galaxy cluster [19], ⇢crc ⇡
1.1⇥103M�/pc�2. We show the full dependence on mass
and redshift in Figure 1. Remarkably, such a scaling re-
lation has been empirically inferred by Burkert [4], who
reports that (in our notation) ⇢crc = 75+85

�45 M� pc�2 over
18 magnitudes in blue magnitude of the dwarf galaxies.
The reported uncertainties are not 1� uncertainties but
encompass all but 1 or 2 of the 48 data points.
It is worth mentioning that our derivation of the scal-

ing relations allows us to compute the expected scatter in
the observed relations. The two sources of scatter in our
model are the scatter in c200 that exists even for a fixed
mass and redshift, and the scatter in M if the observed
population of dwarf galaxies contains galaxies of di↵erent
virial masses. Note that from equation (7), ⇢crc / c2200
for large values of c200, whereas the explicit mass depen-
dence is much weaker. A typical amount of scatter (at
the 1� level) associated with c200 is ⇠ 0.1 to ⇠ 0.2 dex
[14]. Unless the standard deviation in the virial masses of
an observed population of dwarf galaxies is greater than
⇠ 1 to 2 orders of magnitude, the scatter in c200 will dom-
inate. To compare to empirical results, we will assume
that the population of dwarf spheroidal galaxies observed
in [4] does not contain such a diversity of masses. Cer-
tainly if the scatter in mass were much larger than an
order of magnitude, the fact that all of their halos have
logM0.3 = 7.1 ± 0.3 where M0.3 is the mass enclosed in
the inner 0.3 kpc would seem peculiar, since the total
mass is expected to scale with (M0.3)

2.9 [23]. Assuming
that c200 has a 1� scatter of 0.15 dex, we predict using
Monte Carlo methods that ⇢crc = 75+31

�22 M� pc�2 with a
68% confidence interval. Considering that the uncertain-
ties reported in Burkert [4] contain ⇠ 96% of the data
and are thus close to 2� bounds, there is good agreement
between the predicted and observed scatter.
Our scaling laws are also in agreement with Spano et al.

[20] and Donato et al. [21], which find in their sample
of galaxies and dwarf galaxies ⇢crc = 102.15±0.2M� pc�2

[21]. The higher value (by a factor of ⇠ 2) of ⇢crc com-
pared to the results of Burkert [4] is naturally explained
by our results, since their sample is dominated by more
massive halos. If the average M200 of their sample were
⇠ 1012M200, we would expect a ⇠ 2 factor of increase in
⇢crc.
As a consistency check, we may derive additional scal-

ing relations from our model. Since the density in the
region r . rc is approximately constant, we have

Mc

r2c
⇡ 4⇡

3
⇢crc ⇡ const, (9)

and the core velocity dispersion �c obeys �2
cr

�1
c ⇠

GM(r < rc)/r2c ⇠ G⇢0rc. Hence,

�2r�1
c ⇡ const. (10)

Of course, these are really just variants of the basic scal-
ing law for ⇢crc, but they serve as a check of the consis-
tency of our model as well as the experimental methods

Derivation of  
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No dependence on particle physics parameters!
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where we have introduced a core density and core radius
given by ⇢c = (f � t)�1 and rc = (f � t ⇢0) rs, respec-
tively. We see that large values of f expand the core.
Kaplinghat et al. [8] have argued that 3 . f . 10 (de-
creasing with mass) accurately accounts for the gravita-
tional back-reaction in the limit that annihilation occurs
slowly such that the adiabatic invariant rM(r) is con-
served; numerical simulations of annihilating [8, 16] and
self-interacting (scattering only) [17] dark matter confirm
the accuracy of this approximation. These simulations
also show that our results are qualitatively una↵ected by
the choice of NFW or Einasto profiles, at least when the
dark matter interaction is strong enough so that the core
radius rc & 10�2 rs and the di↵erences between NFW
and Einasto are significant.

Although we have motivated equation (3) by consider-
ing annihilating dark matter, we note that scattering also
has a similar e↵ect, as scattering will kick particles from
the high density inner regions to larger radii, where their
contribution to the mass budget is negligible. Since the
scattering rate is also proportional to ⇢2, � in equation
(3) should also include contributions from the scattering
cross section.

Although rc and ⇢c will have a large spread due to the
di↵erent formation times of halos, we have the overall
scaling relation

⇢crc = ⇢0rs. (6)

Note that the formation time t, the fudge factor f , and
the annihilation rate � no longer appear in this result for
the core surface density. The quantities on the right hand
side of equation (6) are properties of the dark matter halo
which can be easily computed. It is a straightforward to
integrate equation (1) to find

⇢0rs =
25 c2200 (2⇢crit/3)

2/3 (M/⇡)1/3

log(c200 + 1)� c200/(1 + c200)
. (7)

Since c200(M, z) is a very weak function of mass, we ex-
pect that the right hand side to scale roughly with M1/3.
A more detailed calculation shows that the mass depen-
dence is even weaker ⇢0rs / M0.2 at low redshifts and
even at a relatively high redshift z = 3, ⇢0rs / M0.3.
Thus, if we consider a subclass of halos such as dwarf
galaxies, ⇢crc will be approximately constant. This
is precisely the scaling relation inferred empirically in
Spano et al. [20], Donato et al. [21] and most recently
Burkert [4].

Although it is observationally di�cult to measure the
corresponding M200 of a dwarf galaxy, numerical simula-
tions [22] suggest that a typical value is M200 ⇠ 1010M�.
Using this as a fiducial value, we predict
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where the logarithmic slope (M b with b = 0.18) has
been calibrated at the fiducial value, but is approxi-
mately constant; even for a galaxy cluster b = 0.22. In

particular, for the Phoenix galaxy cluster [19], ⇢crc ⇡
1.1⇥103M�/pc�2. We show the full dependence on mass
and redshift in Figure 1. Remarkably, such a scaling re-
lation has been empirically inferred by Burkert [4], who
reports that (in our notation) ⇢crc = 75+85

�45 M� pc�2 over
18 magnitudes in blue magnitude of the dwarf galaxies.
The reported uncertainties are not 1� uncertainties but
encompass all but 1 or 2 of the 48 data points.
It is worth mentioning that our derivation of the scal-

ing relations allows us to compute the expected scatter in
the observed relations. The two sources of scatter in our
model are the scatter in c200 that exists even for a fixed
mass and redshift, and the scatter in M if the observed
population of dwarf galaxies contains galaxies of di↵erent
virial masses. Note that from equation (7), ⇢crc / c2200
for large values of c200, whereas the explicit mass depen-
dence is much weaker. A typical amount of scatter (at
the 1� level) associated with c200 is ⇠ 0.1 to ⇠ 0.2 dex
[14]. Unless the standard deviation in the virial masses of
an observed population of dwarf galaxies is greater than
⇠ 1 to 2 orders of magnitude, the scatter in c200 will dom-
inate. To compare to empirical results, we will assume
that the population of dwarf spheroidal galaxies observed
in [4] does not contain such a diversity of masses. Cer-
tainly if the scatter in mass were much larger than an
order of magnitude, the fact that all of their halos have
logM0.3 = 7.1 ± 0.3 where M0.3 is the mass enclosed in
the inner 0.3 kpc would seem peculiar, since the total
mass is expected to scale with (M0.3)

2.9 [23]. Assuming
that c200 has a 1� scatter of 0.15 dex, we predict using
Monte Carlo methods that ⇢crc = 75+31

�22 M� pc�2 with a
68% confidence interval. Considering that the uncertain-
ties reported in Burkert [4] contain ⇠ 96% of the data
and are thus close to 2� bounds, there is good agreement
between the predicted and observed scatter.
Our scaling laws are also in agreement with Spano et al.

[20] and Donato et al. [21], which find in their sample
of galaxies and dwarf galaxies ⇢crc = 102.15±0.2M� pc�2

[21]. The higher value (by a factor of ⇠ 2) of ⇢crc com-
pared to the results of Burkert [4] is naturally explained
by our results, since their sample is dominated by more
massive halos. If the average M200 of their sample were
⇠ 1012M200, we would expect a ⇠ 2 factor of increase in
⇢crc.
As a consistency check, we may derive additional scal-

ing relations from our model. Since the density in the
region r . rc is approximately constant, we have

Mc

r2c
⇡ 4⇡

3
⇢crc ⇡ const, (9)

and the core velocity dispersion �c obeys �2
cr

�1
c ⇠

GM(r < rc)/r2c ⇠ G⇢0rc. Hence,

�2r�1
c ⇡ const. (10)

Of course, these are really just variants of the basic scal-
ing law for ⇢crc, but they serve as a check of the consis-
tency of our model as well as the experimental methods
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creasing with mass) accurately accounts for the gravita-
tional back-reaction in the limit that annihilation occurs
slowly such that the adiabatic invariant rM(r) is con-
served; numerical simulations of annihilating [8, 16] and
self-interacting (scattering only) [17] dark matter confirm
the accuracy of this approximation. These simulations
also show that our results are qualitatively una↵ected by
the choice of NFW or Einasto profiles, at least when the
dark matter interaction is strong enough so that the core
radius rc & 10�2 rs and the di↵erences between NFW
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Although we have motivated equation (3) by consider-
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has a similar e↵ect, as scattering will kick particles from
the high density inner regions to larger radii, where their
contribution to the mass budget is negligible. Since the
scattering rate is also proportional to ⇢2, � in equation
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cross section.

Although rc and ⇢c will have a large spread due to the
di↵erent formation times of halos, we have the overall
scaling relation

⇢crc = ⇢0rs. (6)

Note that the formation time t, the fudge factor f , and
the annihilation rate � no longer appear in this result for
the core surface density. The quantities on the right hand
side of equation (6) are properties of the dark matter halo
which can be easily computed. It is a straightforward to
integrate equation (1) to find

⇢0rs =
25 c2200 (2⇢crit/3)

2/3 (M/⇡)1/3
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. (7)

Since c200(M, z) is a very weak function of mass, we ex-
pect that the right hand side to scale roughly with M1/3.
A more detailed calculation shows that the mass depen-
dence is even weaker ⇢0rs / M0.2 at low redshifts and
even at a relatively high redshift z = 3, ⇢0rs / M0.3.
Thus, if we consider a subclass of halos such as dwarf
galaxies, ⇢crc will be approximately constant. This
is precisely the scaling relation inferred empirically in
Spano et al. [20], Donato et al. [21] and most recently
Burkert [4].

Although it is observationally di�cult to measure the
corresponding M200 of a dwarf galaxy, numerical simula-
tions [22] suggest that a typical value is M200 ⇠ 1010M�.
Using this as a fiducial value, we predict
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where the logarithmic slope (M b with b = 0.18) has
been calibrated at the fiducial value, but is approxi-
mately constant; even for a galaxy cluster b = 0.22. In

particular, for the Phoenix galaxy cluster [19], ⇢crc ⇡
1.1⇥103M�/pc�2. We show the full dependence on mass
and redshift in Figure 1. Remarkably, such a scaling re-
lation has been empirically inferred by Burkert [4], who
reports that (in our notation) ⇢crc = 75+85

�45 M� pc�2 over
18 magnitudes in blue magnitude of the dwarf galaxies.
The reported uncertainties are not 1� uncertainties but
encompass all but 1 or 2 of the 48 data points.
It is worth mentioning that our derivation of the scal-

ing relations allows us to compute the expected scatter in
the observed relations. The two sources of scatter in our
model are the scatter in c200 that exists even for a fixed
mass and redshift, and the scatter in M if the observed
population of dwarf galaxies contains galaxies of di↵erent
virial masses. Note that from equation (7), ⇢crc / c2200
for large values of c200, whereas the explicit mass depen-
dence is much weaker. A typical amount of scatter (at
the 1� level) associated with c200 is ⇠ 0.1 to ⇠ 0.2 dex
[14]. Unless the standard deviation in the virial masses of
an observed population of dwarf galaxies is greater than
⇠ 1 to 2 orders of magnitude, the scatter in c200 will dom-
inate. To compare to empirical results, we will assume
that the population of dwarf spheroidal galaxies observed
in [4] does not contain such a diversity of masses. Cer-
tainly if the scatter in mass were much larger than an
order of magnitude, the fact that all of their halos have
logM0.3 = 7.1 ± 0.3 where M0.3 is the mass enclosed in
the inner 0.3 kpc would seem peculiar, since the total
mass is expected to scale with (M0.3)

2.9 [23]. Assuming
that c200 has a 1� scatter of 0.15 dex, we predict using
Monte Carlo methods that ⇢crc = 75+31

�22 M� pc�2 with a
68% confidence interval. Considering that the uncertain-
ties reported in Burkert [4] contain ⇠ 96% of the data
and are thus close to 2� bounds, there is good agreement
between the predicted and observed scatter.
Our scaling laws are also in agreement with Spano et al.

[20] and Donato et al. [21], which find in their sample
of galaxies and dwarf galaxies ⇢crc = 102.15±0.2M� pc�2

[21]. The higher value (by a factor of ⇠ 2) of ⇢crc com-
pared to the results of Burkert [4] is naturally explained
by our results, since their sample is dominated by more
massive halos. If the average M200 of their sample were
⇠ 1012M200, we would expect a ⇠ 2 factor of increase in
⇢crc.
As a consistency check, we may derive additional scal-

ing relations from our model. Since the density in the
region r . rc is approximately constant, we have

Mc

r2c
⇡ 4⇡

3
⇢crc ⇡ const, (9)

and the core velocity dispersion �c obeys �2
cr
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c ⇠

GM(r < rc)/r2c ⇠ G⇢0rc. Hence,

�2r�1
c ⇡ const. (10)

Of course, these are really just variants of the basic scal-
ing law for ⇢crc, but they serve as a check of the consis-
tency of our model as well as the experimental methods

Scatter in Normalization

Assume scatter in concentration dominates

stronger c200 dependence
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