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Processing of the Initial Power Spectrum
We do not observe the initial power-spectrum except on the largest physical scales.
The transfer function T (k) which describes how the shape of the initial power-spectrum
∆k (z) in the dark matter is modified by different physical processes through the
relation
∆k (z = 0) = T (k) f (z) ∆k (z) .

(1)

∆k (z = 0) is the power spectrum at the present epoch and f (z) ∝ a ∝ t2/3 is the
linear growth factor between the scale factor at redshift z and the present epoch in the
matter dominated era.
The form of the transfer function is largely determined by the fact that there is a delay in
the growth of the perturbations between the time when they came through the horizon
and began to grow again. In the standard cold dark matter picture, this is associated
with the fact that before the epoch of equality of matter and radiation, the oscillations in
the photon-baryon plasma were dynamically more important than those in the dark
matter.

The Processed Harrison–Zeldovich Power Spectrum

On very large scales (small wavenumbers) the spectrum is unprocessed. On the scale
of galaxies and clusters, the spectrum has been strongly modified. The maximum
corresponds to the wavelength on the horizon scale at matter and radiation equality.

The Processed Harrison–Zeldovich Power Spectrum
Adding in the Baryons
Four examples of the transfer functions
for models of structure formation with
baryons only (top pair of diagrams) and
with mixed cold and baryonic models
(bottom pair of diagrams) by Eisenstein
and Hu. The numerical results are shown
as solid lines and their fitting functions by
dashed lines. The lower small boxes in
each diagram show the percentage
residuals to their fitting functions, which
are always less than 10%.

The Acoustic Oscillations in the Galaxy Distribution
AAT 2dF galaxy survey
SDSS galaxy survey

Probes of Fundamental Cosmology (4)
Malcolm Longair
Cavendish Laboratory
University of Cambridge.
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The Non-linear Collapse of Density Perturbations
The collapse of a uniform spherical density perturbation in an otherwise uniform
Universe can be worked out exactly, a model sometimes referred to as spherical top-hat
collapse. The dynamics are the same as those of a closed Universe with Ω0 > 1. The
variation of the scale factor of the perturbation ap is given by the parametric solution
ap = A(1 − cos θ)
t = B(θ − sin θ) ,
Ω0
Ω0
A =
and B =
.
3/2
2(Ω0 − 1)
2H0(Ω0 − 1)
The perturbation reached maximum radius at θ = π and then collapsed to infinite
density at θ = 2π. The perturbation stopped expanding, ȧp = 0, and separated out of
the expanding background at θ = π. This occurred when the scale factor of the
perturbation was a = amax, where
amax = 2a =

Ω0
Ω0 − 1

at time tmax = πb =

πΩ0
2H0(Ω0 − 1)3/2

.

(2)

The Non-linear Collapse of Density Perturbations
The density of the perturbation at maximum scale factor ρmax can now be related to
that of the background ρ0, which, for illustrative purposes, we take to be the critical
model, Ω0 = 1. Recalling that the density within the perturbation was Ω0 times that of
the background model to begin with,

3
ρmax
a
= 9π 2/16 = 5.55 ,
= Ω0
ρ0
amax

(3)

where the scale factor of the background model has been evaluated at cosmic time
tmax . Thus, by the time the perturbed sphere had stopped expanding, its density was
already 5.55 times greater than that of the background density. This epoch is often
called the turnround epoch.
Interpreted literally, the spherical perturbed region collapsed to a black hole. It is much
more likely to form some sort of bound object. For the cold dark matter, during collapse,
the cloud fragmented into sub-units and then, through the process of violent relaxation,
these regions came to a dynamical equilibrium under the influence of large scale
gravitational potential gradients.

The Non-linear Collapse of Density Perturbations
The end result is a system which satisfies the Virial Theorem. At amax, the sphere is
stationary and all the energy of the system is in the form of gravitational potential
energy. For a uniform sphere of radius rmax, the gravitational potential energy is
−3GM 2/5rmax. If the system does not lose mass and collapses to half this radius, its
gravitational potential energy becomes −3GM 2/(5rmax /2) and, by conservation of
energy, the kinetic energy, or internal thermal energy, acquired is
3GM 2
3GM 2
3GM 2
Kinetic Energy =
−
=
.
5(rmax /2)
5rmax
5rmax

(4)

By collapsing by a factor of two in radius from its maximum radius of expansion, the
kinetic energy, or internal thermal energy, becomes half the negative gravitational
potential energy, the condition for dynamical equilibrium according to the Virial
Theorem. Therefore, the density of the perturbation increased by a further factor of 8,
while the background density continues to decrease.

The Non-linear Collapse of Density Perturbations
The scale factor of the perturbation reached the value amax /2 at time
t = (1.5 + π −1)tmax = 1.81tmax , when the background density was a further factor
of (t/tmax )2 = 3.3 less than at maximum. The net result of these simple calculations
is that, when the collapsing cloud became a bound virialised object, its density was
5.55 × 8 × 3.3 ≈ 150 times the background density at that time.
These simple calculations illustrate how structure forms according to the large scale
simulations. They show that galaxies and clusters must have formed rather later than
the simple estimates we gave in the second lecture. According to Coles and Lucchin,
the systems become virialised at a time t ≈ 3tmax when the density contrast was
about 400.
Using these arguments, galaxies of mass M ≈ 1012 M⊙ could not have been
virialised at redshifts greater than 10 and clusters of galaxies cannot have formed at
redshifts much greater than one.

The Zeldovich Approximation
The next approximation is to assume that the perturbations were ellipsoidal with three
unequal principal axes. In the Zeldovich approximation, the development of
perturbations into the non-linear regime is followed in Lagrangian coordinates. If x and
r are the proper and comoving position vectors of the particles of the fluid, the
Zeldovich approximation can be written

x = a(t)r + b(t)p(r ) .

(5)

The first term on the right-hand side describes the uniform expansion of the
background model and the second term the perturbations of the particles’ positions
about the Lagrangian (or comoving) coordinate r . Zeldovich showed that, in the
coordinate system of the principal axes of the ellipsoid, the motion of the particles in
comoving coordinates is described by a ‘deformation tensor’ D




a(t) − αb(t)
0
0

0
a(t) − βb(t)
0
 .
0
0
a(t) − γb(t)


D=

(6)

Because of conservation of mass, the density ̺ in the vicinity of any particle is
̺[a(t) − αb(t)][a(t) − βb(t)][a(t) − γb(t)] = ̺¯a3(t) ,
where ̺¯ is the mean density of matter in the Universe.

(7)

The Zeldovich Approximation
The clever aspect of the Zeldovich solution is that, although the constants α, β and γ
vary from point to point in space depending upon the spectrum of the perturbations, the
functions a(t) and b(t) are the same for all particles. In the case of the critical model,
Ω0 = 1,
1
a(t) =
=
1+z

t
t0
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(8)

where t0 = 2/3H0. The function b(t) has exactly the same dependence upon scale
factor (or cosmic time) as was derived from perturbing the Friedman solutions.
If we consider the case in which α > β > γ, collapse occurs most rapidly along the
x-axis and the density becomes infinite when a(t) − αb(t) = 0. At this point, the
ellipsoid has collapsed to a ‘pancake’ and the solution breaks down for later times.
Although the density becomes formally infinite in the pancake, the surface density
remains finite, and so the solution still gives the correct result for the gravitational
potential at points away from the caustic surface. The Zeldovich approximation cannot
deal with the more realisitic situation in which collapse of the gas cloud into the pancake
gives rise to strong shock waves, which heat the matter falling into the pancake.

The Zeldovich Approximation
The results of numerical N-body simulations have shown that the Zeldovich
approximation is quite remarkably effective in describing the evolution of the non-linear
stages of the collapse of large scale structures up to the point at which caustics are
formed.
N-body Simulation

Zeldovich Approximation

Non-Linear Development of the
Density Perturbations
It is evident from the power-law form of the two-point correlation function for galaxies
ξ(r) = (r/r0)−1.8 that on scales much larger than the characteristic length scale
r0 ≈ 7 Mpc, the perturbations are still in the linear stage of development and so
provide directly information about the form of the processed initial power spectrum.

On scales r ≤ r0, the perturbations become non-linear and it might seem more difficult
to recover information about the processed power-spectrum on these scales. An
important insight was provided by Hamilton and his colleagues who showed how it is
possible to relate the observed spectrum of perturbations in the non-linear regime,
ξ(r) ≥ 1, to the processed initial spectrum in the linear regime.

Non-Linear Development of the
Density Perturbations

The variation of the spatial two-point
correlation function with the square of
the scale factor as the perturbations
evolve from linear to non-linear
amplitudes to bound systems.

The corresponding evolution of the
spatial two-point correlation function as
a function of redshift, normalised to
result in a two-point correlation function
for galaxies which has slope −1.8.

The Press-Schechter Formalism
According to the Cold Dark Matter scenario for galaxy formation, galaxies and larger
scale structures are built up by the process of hierarchical clustering. Press and
Schechter provided an analytic formalism for the process of structure formation once
the density perturbations had reached such an amplitude that they could be considered
to have formed bound objects.
It is assumed that the primordial density perturbations are Gaussian fluctuations, that
is, the phases of the waves which make up the density distribution are random and the
distribution of the amplitudes of the perturbations of a given mass M can be described
by a Gaussian function
"
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where δ = δ̺/̺ is the density contrast associated with perturbations of mass M .
Being a Gaussian distribution, the mean value of the distribution is zero and its variance
is σ 2(M ) is
2

hδ i =

*

δρ
ρ

!2 +

= σ 2(M ).

(10)

The Press-Schechter Formalism
It is assumed that, when the perturbations grow in amplitude to a value greater than
some critical value δc, they develop rapidly into bound objects with mass M . The
perturbations are assumed to have a power-law power-spectrum P (k) = kn and we
know the rules for the growth of the perturbations with cosmic epoch. Let us assume
that the background world model is the critical Einstein-de Sitter model,
Ω0 = 1, ΩΛ = 0, so that the perturbations develop as δ ∝ a ∝ t2/3.
For fluctuations of a given mass M , the fraction F (M ) of those which become bound
at a particular epoch are those with amplitudes greater than δc
Z ∞
√
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where tc = δc/ 2σ and Φ(x) is the probability integral defined by
x
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The Press-Schechter Formalism
We can relate the mean square density perturbation on a particular scale to the power
spectrum of the perturbations.
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where A is a constant. We can now express tc in terms of the mass distribution

(3+n)/6
δc
δc
M
= √ 1/2 M (3+n)/6 =
,
tc = √
∗
M
2σ(M )
2A

(14)

where we have introduced a reference mass M ∗ = (2A/δc2)3/(3+n).
Since the amplitude of the perturbation δ(M ) grows as δ(M ) ∝ a ∝ t2/3, it follows
that σ 2(M ) = δ 2(M ) ∝ t4/3, that is, A ∝ t4/3. Therefore,
M

∗

= M0∗

t
t0

!4/(3+n)

where M0∗ is the value of M ∗ at the present epoch t0.

,

(15)

The Press-Schechter Formalism
The fraction of perturbations with masses in the range M to M + dM is
dF = (∂F/∂M ) dM . In the linear regime, the mass of the perturbation is M = ̺¯V
where ̺¯ is the mean density of the background model. Once the perturbation becomes
non-linear, collapse ensues and ultimately a bound object of mass M is formed. The
space density N (M ) dM of these masses is V −1, that is,
1
̺¯ ∂F
N (M ) dM =
=−
dM ,
V
M ∂M
the minus sign appearing because F is a decreasing function of increasing M .

(16)

We now have everything we need to determine the mass distribution and how it evolves
with time. We find
1
n
̺¯
N (M ) = √
1+
2 π
3 M2
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 ,
exp −
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in which all the time dependence of N (M ) has been absorbed into the variation of M ∗
with cosmic epoch.

The Press-Schechter Formalism
The evolution of the
Press-Schechter mass
function with cosmic
epoch for the Ω0 = 1
model. The usefulness of
this function is that it
gives a good description
of the results of the
numerical analyses.
A pleasant assessment of the procedure was the statement by Monaco:
“There is a simple, effective and wrong way to describe the cosmological mass
function. Wrong, of course, does not refer to the results, but to the whole
procedure.”

The Press-Schechter Formalism
Comparison of the
Press-Schechter
formalism with the results
of the supercomputer
simulations by Springel,
White and their colleages.
The dotted line shows the
Press-Schechter results
and the red boxes the
result of the simulations.

The Press-Schechter Formalism

For example, the function
can be used to predict
the development of the
mass spectrum of objects
of different mass with
cosmic epoch. This
provides an important
test of the picture of
structure formation.

The Importance of Dissipation Processes
So far we have mostly considered the development of perturbations under the influence
of gravity alone. In addition, we need to consider the rôle of dissipation, by which we
mean energy loss by radiation, resulting in the loss of thermal energy from the system.
In a number of circumstances, once the gas within the system is stabilised by thermal
pressure, loss of energy by radiation can be an effective way of decreasing the internal
pressure, allowing the region to contract in order to preserve pressure equilibrium. If
the radiation process is effective in removing pressure support from the system, this
can result in a runaway situation, known as a thermal instability. This is the process
which may be responsible for the cooling flows which are present in the hot gas in the
central regions of rich clusters of galaxies

The Cooling Rate per Unit Volume
The cooling rate per unit
volume Λ(T ) of an
astrophysical plasma with
number density 1 nucleus
cm−3 by radiation for
different cosmic
abundances of the heavy
elements as a function of
temperature.

The Stability of Perturbations against Cooling
This cooling curve can be
converted into a number
density-temperature
diagram on which various
loci can be plotted, as
well as the baryonic
masses of the systems. If
the systems falls above
the cooling locus, cooling
will be more important
than gravitational
collapse.

Millennium Simulations including Baryonic Matter
The panels show:

• The dark matter
• The gas density
• The shock waves
• The temperature of the gas
• The Sunyaev-Zeldovich temperature decrement
• The kinematic Sunyaev-Zeldovich effect
Animations by Volker Springel. Run simulations

Evolution of Population of Rich Clusters of Galaxies
The abundances of
clusters change
dramatically with the
cosmological model
(Borgani and Guzzo,
2001). The rich clusters
are identified for different
models of structure
formation. The
differences are important
at relatively small
redshifts.

Problems with the Standard Picture
• The predicted excess of dwarf galaxies see simulations. Possibly not observed
because the potential wells are too shallow to prevent the sweeping out of all the
diffuse baryonic gas.
• The structure of galaxies and clusters see simulations. The simulations predict that
the distribution of matter tends to be more ‘cuspy’ than observed.
• The early formation of elliptical galaxies
• The mass-metallicity relation for galaxies

Elliptical Galaxies at Large Redshifts

There seems to be
little change in the
baryonic masses
of massive elliptical
galaxies out to
redshift z = 2.

Elliptical Galaxies at Large Redshifts

The same result is
found if we add in
our 3CR radio
galaxies.

Elliptical Galaxies at Large Redshifts

There seems to be little
change in the spectra of
elliptical galaxies out to
redshift z = 2.

The Metallicity Issue

The most massive galaxies
have greater metallicities
than less massive galaxies.
Yet, in the hierarchical
clustering picture, the
massive galaxies are built
out of lower mass galaxies.

The Problems
The success of these models brings with it a number of fundamental problems. These
are:

• The horizon problem
• The flatness problem
• The baryon-asymmetry problem
• The values of the cosmological parameters
• The primordial fluctuation problem

(1) The Horizon Problem
‘Why is the Universe so isotropic?’ At earlier cosmological epochs, the particle horizon
r ∼ ct encompassed less and less mass and so the scale over which particles could be
causally connected became smaller and smaller. On the last scattering surface at
z ≈ 1, 500, the particle horizon corresponds to an angle θ ≈ 2◦ on the sky. How did
opposite sides of the sky know they had to have the same properties within one part in
105?

(2) The Flatness Problem
Why is the Universe geometrically flat, Ωκ ≈ 0? If the Universe were set up with a
value of the density parameter differing even slightly from the critical value Ω = 1, it
would diverge very rapidly from this value at later epochs. If the Universe has density
parameter Ω0 today, at redshift z, Ω(z) would have been
"

#

"

#

1
1
1−
= f (z) 1 −
,
Ω(z)
Ω0

(18)

where f (z) = (1 + z)−1 for the matter-dominated era and f (z) ∝ (1 + z)−2 during
the radiation dominated era. Thus, since Ω0 ∼ 1 at the present epoch, it must have
been extremely close to the critical value in the remote past. Alternatively, if Ω(z) had
departed from Ω(z) = 1 at a very large redshift, Ω0 would be very far from Ω0 = 1
today. Thus, the only ‘stable’ value of Ω0 is Ω0 = 1. There is nothing in the standard
world models that would lead us to prefer any particular value of Ω0. This is sometimes
referred to as the fine-tuning problem.

(3) The Baryon-Asymmetry Problem
The baryon-asymmetry problem arises from the fact that the photon-to-baryon ratio
today is
4 × 107
Nγ
9
=
=
1.6
×
10
,
NB
ΩBh2

(19)

where ΩB is the density parameter in baryons. If photons are neither created nor
destroyed, this ratio is conserved as the Universe expands. At temperature T ≈ 1010
K, electron-positron pair production takes place from the photon field. At a
correspondingly higher temperature, baryon-antibaryon pair production takes place with
the result that there must have been a very small asymmetry in the baryon-antibaryon
ratio in the very early Universe if we are to end up with the correct photon-to-baryon
ratio at the present day. At these very early epochs, there must have been roughly
109 + 1 baryons for every 109 antibaryons to guarantee the observed ratio at the
present epoch. If the Universe had been symmetric with respect to matter and
antimatter, the photon-to-baryon ratio would now be about 1018.

(4) The Values of the Cosmological Parameters
• The Universe is very close to being geometrically flat, Ωκ = 0, and so the sum of
the density parameters in the matter and the dark energy must sum to unity,
ΩO + ΩΛ = 0.72 + 0.28 = 1. Even if the sum of these two parameters were not
precisely unity, it is a surprise that they are of the same order of magnitude at the
present epoch. The matter density evolves with redshift as a−3, while the dark
energy density is unchanging with cosmic epoch. Why then do we live at an epoch
when they have more or less the same values?
• The value of the ΩΛ is about 10120 smaller than is predicted by quantum field
theory. This is quite a problem.

(5) The Harrison–Zeldovich Power Spectrum
• What is the physical origin of the Harrison-Zeldovich power spectrum P (k) ∝ k?

Approaches to Solving the Problems
• That is just how the Universe is – the initial conditions were set up that way.
• There are only certain classes of Universe in which intelligent life could have
evolved. The Universe has to have the appropriate initial conditions and the
fundamental constants of nature should not be too different from their measured
values or else there would be no chance of life forming as we know it. This
approach involves the Anthropic Cosmological Principle – the Universe is as it is
because we are here to observe it.
• The inflationary scenario for the early Universe
• Seek clues from particle physics and extrapolate that understanding beyond what
has been confirmed by experiment to the earliest phases of the Universe.
• Something else we have not yet thought of. This would certainly involve new
physical concepts.

The Inflationary Solution

The simplest inflationary solution to
some of these problems involves the
exponential expansion of the Universe
during its very early stages. If the
exponential expansion took place over
100 e-folding times in the early
Universe, the Universe would be inflated
far beyond its present size, the horizon
and flatness problems can be solved
without any physics.

The Inflationary Picture

The inflationary picture
solves the horizon and
flatness problems by
assuming there was a
period of exponential
growth of the scale factor
in the very early
Universe.

In the extended conformal time diagram, the time coordinate is set to zero at the end of
the inflationary era at, say, 10−32 s and evolution of the Hubble sphere and the past
light cone at recombination extrapolated back to the inflationary era.
The inflationary expansion also drives the geometry to a flat geometry since its radius
of curvature ℜ → ∞, solving the fine-tuning problem.

Scalar Fields
In many ways, the story of inflation up to this point has been remarkably physics-free.
All that has been stated is that an early period of rapid exponential expansion can
overcome a number of the fundamental problems of cosmology. The next step involves
real physics, but it is not the type of physics familiar to most astrophysical cosmologists.
The key role is played by scalar fields, which have quite different properties from the
vector and tensor fields familiar in electrodynamics and general relativity.
To quote the words of Daniel Baumann,
‘Although no fundamental scalar field has yet been detected in experiments,
there are fortunately plenty of such fields in theories beyond the standard
model of particle physics. In fact, in string theory for example there are
numerous scalar fields (moduli), but it proves very challenging to find just one
with the right characteristics to serve as an inflaton candidate.’
Daniel Baumann On the Quantum Origin of Structure in the Inflationary Universe.
arXiv:0710.3187 [hep-th]

Scalar Fields
Here are the results of calculations of the properties of the scalar field φ(t) which is
assumed to be homogeneous at a given epoch. There is a kinetic energy term φ̇2/2
and a potential energy term V (φ) associated with the field. Putting these through the
machinery of field theory results in expressions for the density and pressure of the
scalar field:
2
̺φ = 1
φ̇
+ V (φ)
2

(20)

2 − V (φ)
pφ = 1
φ̇
2

(21)

The scalar field can result in a negative pressure equation of state, provided the
potential energy of the field is very much greater than its kinetic energy. In the limit in
which the kinetic energy is neglected, we obtain the equation of state p = −̺c2, where
I have restored the c2 which is set equal to one by professional field theorists. This is
exactly what we need to mimic the cosmological constant.

Scalar Fields
To find the time evolution of the scalar field, we need to combine the above expressions
with Einstein’s field equations. The results are:
1 1 2
2
H =
φ̇ + V (φ)
3 2




(22)

φ̈ + 3H φ̇ + V (φ),φ = 0 . (23)
where V (φ),φ means the derivative of V (φ) with respect to φ. To obtain the inflationary
expansion over many e-folding times, the kinetic energy term must be very small
compared with the potential energy and the potential energy term must be very slowly
varying with time. This is formalised by requiring the two slow-roll parameters ǫ(φ) and
η(φ) to be very small during the inflationary expansion.

Scalar Fields
These parameters set constraints upon the dependence of the potential energy
function upon the field φ and are formally written:
1 V,φ
ǫ(φ) ≡
2 V

!2

;

η(φ) ≡

V,φφ
V

with ǫ(φ), |η(φ)| ≪ 1 .

(24)

where V (φ),φφ means the second derivative of V (φ) with respect to φ. Under these
conditions, we obtain what we need for inflation, namely,
1
H = V (φ) = constant and a(t) ∝ eHt .
(25)
3
At this stage, it may appear that we have not really made much progress since we have
adjusted the theory of the scalar field to produce what we know we need. The bonus
comes when we consider fluctuations in the scalar field and their role in the formation of
the spectrum of primordial perturbations.
2

The Quantised Harmonic Oscillator
The key result can be derived from the elementary quantum mechanics of a harmonic
oscillator. The solutions of Schrödinger’s equation for a harmonic potential have
quantised energy levels
E = n+1
2




h̄ω

(26)

and the wavefunctions of these stationary states are
2
ψn = Hn(ξ) exp − 1
ξ
2





,

(27)
√

where Hn (ξ) is the Hermite polynomial of order n and ξ = βx. For the simple
harmonic oscillator, β 2 = am/h̄2, where a is the constant in the expression for the
1 ax2 and m is the reduced mass of the oscillator. Then, the
harmonic potential V = 2
angular frequency ω =
harmonic oscillator.

q

a/m is exactly the same as is found for the classical

The Quantised Harmonic Oscillator
We are interested in fluctuations about the zero-point energy, that is, the stationary
state with n = 0. The zero-point energy and Hermite polynomial of order n = 0 are
E=1
2 h̄ω

and H0(ξ) = constant .

(28)

The first expression is the well-known result that the oscillator has to have finite kinetic
energy in the ground state. The underlying cause of this is the need to satisfy
Heisenberg’s uncertainty principle.
Part of the package of quantum mechanics is that there must be quantum fluctuations
in the stationary states. It is straightforward to work out the variance of the position
coordinate x of the oscillator. First, we need to normalise the wavefunction so that
Z +∞

(29)




am 1/8
2
1
exp − 2 ξ
.
2
2
h̄ π

(30)

−∞

It is straightforward to show that
ψ=

ψψ ∗ dx = 1 .



Fluctuations of the Quantum Harmonic Oscillator
To find the variance of the position coordinate of the oscillator, we form the quantity
hx2i =

Z +∞

ψψ ∗ x2 dx .

(31)

h̄
h̄
=
.
√
2 am
2ωm

(32)

−∞

Carrying out this integral, we find the result
hx2i =

For convenience, the analogy with the next part of the calculation is clearest for the
case of an oscillator with unit mass. In this case,
h̄
.
(33)
2ω
These are the fluctuations which must necessarily accompany the zero-point energy of
the vacuum fields.
hx2i =

The Spectrum of Fluctuations in the Scalar Field
We need only one more equation – the expression for the evolution of the vacuum
fluctuations in the inflationary expansion. If k is the comoving wavenumber and λ0 the
wavelength at the present epoch, the proper wavelength of the perturbation is
λ = aλ0 ∼ a/k and the proper wavenumber at scale factor a is kprop = k/a. Then,
the evolution of δφk is given by the differential equation
k2
¨k + 3H δφ˙ k +
δφ
δφk = 0 ,
(34)
a2
where H = ȧ/a. Baumann discusses the many technical complexities which need to
be dealt with in a rigorous derivation of this equation.
The equation (34) bears a strong resemblance to those we derived for the case of the
density contrast ∆ of non-relativistic and relativistic material in the standard world
models. We recall that
d2∆
ȧ d∆
2 2
+
2
=
∆(4πG̺
−
k
cs ) ,
0
dt2
a dt
where k is the proper wavenumber and cs is the speed of sound.
 

(35)

The Spectrum of Fluctuations in the Scalar Field
It is a reasonably straightforward calculation to convert this equation into one describing
the evolution of the Fourier components of the potential perturbation associated with
∆, in which case one finds
ȧ
δφ˙ k + (kc2 c2
s − 2κ) δφk = 0 ,
a
where κ is the curvature of space at the present epoch.
¨k + 3
δφ

 

(36)

The equation is remarkably similar to the equation we have just stated which comes out
of the full general relativistic treatment of the problem,
k2
¨k + 3H δφ˙ k +
δφ
δφk = 0 ,
2
a
where H = ȧ/a.

(37)

The Spectrum of Fluctuations in the Scalar Field
The analogy is very close indeed when we realise that the dynamics are dominated by
the vacuum fields and so we can neglect the term in G in the right-hand side. The
speed of sound cs is the speed of light, which is set equal to unity. (37) can also be
applied on superhorizon scales as well as for those within the horizon.
We recognise that (37) is the equation of motion for a damped harmonic oscillator. If
the ‘damping term’ 3H δφ˙ k is set equal to zero, we find harmonic oscillations, just as in
the case of the Jeans’ analysis. For scales much greater than the radius of the Hubble
sphere, λ ≫ c/H, an order of magnitude calculation shows that the damping term
dominates and the velocity δφ˙ k tends exponentially to zero, corresponding to the
‘freezing’ of the fluctuations on superhorizon scales.

The Spectrum of Fluctuations in the Scalar Field
Both x and δφk have zero point fluctuations in the ground state. In the case of the
harmonic oscillator, we found hx2i ∝ ω −1. In exactly the same way, we expect the
fluctuations in δφk to be inversely proportional to the ‘angular frequency’ in (37), that is,
1
h(δφk ) i ∝
∝λ,
k/a
2

(38)

recalling that λ is the proper wavelength. Since λ ∝ a, the ‘noise-power’ h(δφk )2i
increases linearly proportional to the scale factor until the wavelength is equal to the
dimensions of the Hubble sphere when the noise-power stops growing. Therefore, the
power spectrum is given by the power within the horizon when λ = c/H, that is, when
k = a∗H∗ where a∗ and H∗ are the values of the scale factor and Hubble’s constant
when the wavelength is equal to the radius of the Hubble sphere.

The Spectrum of Fluctuations in the Scalar Field
Therefore, per unit volume, the primordial power spectrum on superhorizon scales is
expected to have the form
1
H∗2
h(δφk ) i ∝ 3
∝ 3 .
a∗ (k/a∗)
k
2

(39)

In the simplest approximation, H∗ = H = constant throughout the inflationary era.
Now, (39) is the power-spectrum in Fourier space and to convert it into a real space
power spectrum we perform a Fourier inversion which amounts to multiplying by k3.
h(δφ)2i ∝

Z

h(δφk )2i eik·r k2 dk =

Z

h(δφk )2i



sin kr
kr



k2 dk ≈ h(δφk )2ik3 . (40)

Thus, we obtain the important result
h(δφ)2 i ∝ H 2 .

(41)

At the end of the inflationary era, the scalar field is assumed to decay into the types of
particles which dominate our Universe at the present epoch, releasing a vast amount of
energy which reheats the contents of the Universe to a very high temperature.

The Spectrum of Fluctuations in the Scalar Field
The final step in the calculation is to relate the fluctuations δφ to the density
perturbations in the highly relativistic plasma in the post-inflation era. We can think of
this transition as occurring abruptly between the era when p = −̺c2 to that in which
2 applies. Guth and Pi introduced
the standard relativistic equation of state p = 1
̺c
3
what is known as the time-delay formalism which enables the density perturbation to be
related to the inflation parameters.
The perturbation in the scalar field δφ results in a time delay
δt =

δφ
.
φ̇

(42)

This should be evaluated at the time the fluctuation in φ is frozen in at horizon crossing.

The Spectrum of Fluctuations in the Scalar Field
At the end of the inflationary era, this time delay translates into a perturbation in the
density in the radiation-dominated era. Since ̺ ∝ t−2 and H ∝ t−1,
δ̺
∝ H δt .
̺

(43)

Hubble’s constant must be continuous across the discontinuity at the end of the
inflationary era and must have roughly the same value at horizon crossing. It follows
that
δ̺
H∗2
∝
.
˙
̺
φ∗

(44)

Thus, quantum fluctuations in the scalar field φ can result in density fluctuations in the
matter which all have the same amplitude when they passed through the horizon in the
very early Universe.

The Importance of the Inflationary Scenario
It should be emphasised that, although the correct spectral shape is obtained, the
amplitude of the power spectrum is model-dependent.
Nonetheless, this is a remarkable result. According to Liddle and Lyth:

“Although introduced to resolve problems associated with the initial conditions
needed for the Big Bang cosmology, inflation’s lasting prominence is owed to a
property discovered soon after its introduction: it provides a possible
explanation for the initial inhomogeneities in the Universe that are believed to
have led to all the structures we see, from the earliest objects formed to the
clustering of galaxies to the observed irregularities in the microwave
background.”

