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4.1 Beyond linear perturbations
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Non-Gaussianity requires

more than linear theory …

The leading contribution to higher-order statistics (such as

the bispectrum, i.e. the FT of the three-point function)

comes from second-order metric perturbations around the

RW background, unless the primordial non-Gaussianity is

very strong

“… the linear perturbations are so surprisingly simple that a perturbation

analysis accurate to second order may be feasible …”    (Sachs & Wolfe 1967)
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Second-order metric perturbations in

the Poisson gauge (dust case)

vector modes

tensor modes

scalar modes

Synchronous and comoving gauge: Tomita 1971; Matarrese, Pantano & Saez 1994; 

Poisson gauge: Matarrese, Mollerach & Bruni 1998; Tomita 2005

Extension to fully non-linear case: Carbone & Matarrese 2005
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• “Linear theory always yields the leading contribution on
large scales”

• Linear theory yields the leading contribution of quantities
like the power-spectrum on large scales, but higher-order
statistics get their leading contribution on large scales by
higher-order perturbation theory. E.g. the leading-order
large-scale contribution to the bispectrum is coming from
second-order perturbation theory. Moreover, quantities
like e.g. the ratio of the skewness to the variance squared
do not converge to zero on large scales (but the ratio of
the skewness to the 3/2 power of the variance does
vanish on large scales).

Tenacious myths of higher-order

perturbation theory

wrong!
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Second-order tensor Second-order tensor 

and vector modesand vector modes

The B-mode polarization

produced by primordial

gravitational waves is

hidden by gravitational

lensing. Secondary vector

and tensor modes

(Mollerach et al. 2003)

should also be taken into

account if energy scale of

inflation is less than or

about 1015 GeV.

Mollerach, Harari & Matarrese 2003

gravitational lensing

primordial 

gravitational waves

secondary vector + tensor modes
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Magnetic field generation from

secondary vector modes

While the total vorticity of the system is conserved – in

full agreement with Kelvin’s circulation theorem – and

can be set to zero, electrons and protons acquire a non-

zero rotational velocity from the second-order metric

vector mode, which in turn arises from the mode-mode

coupling of primordial scalar modes. This rotational

velocity gives rise to a seed magnetic field, according to

Harrison’s mechanism.

Note: magnetic field generation will also arise due to  recombination physics (Hogan 1997;

Dolgov & Berezhiani 2003) and reionization (Aghanim et al. 2001; Gnedin et al. 2001); Takahashi

et al. (2005) claimed a factor 106 larger effect from the collision term.

acoustic oscillations

Silk damping 

suppression

Similar mechanism proposed

by Vishniac (1982)

Matarrese, Mollerach, Notari & Riotto 2003
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4.2 Beyond the power-spectrum: higher-

order statistics and primordial non-

Gaussianity
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The view on Non-Gaussianity

… circa 1990
MoscardiniMoscardini, , LucchinLucchin, , Matarrese Matarrese & Messina 1991& Messina 1991
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The present view on

non-Gaussianity

! Alternative structure formation models of the late eighties
considered strongly non-Gaussian primordial fluctuations.

! The increased accuracy in CMB and LSS observations has,
however,  excluded this extreme possibility.

! The present-day challenge is either detect or constrain mild
or weak deviations from primordial Gaussian initial
conditions.

! Deviations of this type are not only possible but are
generically predicted in the standard perturbation generating
mechanism provided by inflation.
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Many primordial (inflationary) models of non-Gaussianity can be
represented in configuration space by the simple formula (Salopek & Bond
1990)

                     F = f L + fNL * ( f L
2 - <f L

2>)

 where F is the large-scale gravitational potential, f L its linear Gaussian

contribution and fNL is the dimensionless non-linearity parameter (or more
generally non-linearity function). The percent of non-Gaussianity in CMB
data implied by this model is

 

                   NG % ~ 10-5 |fNL|

Simple-minded NG model

<<  1010-3-3

fromfrom

WMAPWMAP
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NG requires higher-order statistics

(than power-spectrum)

• The simplest statistics (but not fully general) measuring NG is the 3-point
function or its Fourier transform, the “bispectrum”:

        <f (k1)f (k2)f (k3)> = (2p)3!(3)(k1+k2+k3) Bf (k1,k2,k3)

     which carries shape information.

• In our simple linear + quadratic model above, the bispectrum of the
gravitational potential reads:

        Bf (k1,k2,k3) = 2fNL [Pf (k1)Pf (k2) + cyclic terms]

     (by direct application of Wick’s theorem), where

            <f (k1)f (k2)> = (2p)3!(3)(k1+k2) Pf (k1)
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Bispectrum of a self-interacting

scalar field
Consider a scalar field ! with cubic self-interactions, i.e. with a term l !3/3! In
the Lagrangian. Call d! the fluctuations around its v.e.v.. Its two and 

three-point functions in Fourier space (Falk et al. 1993; Gangui et al. 
1994; Bernardeau et al. 2004), after the rescaling                 read:

where the Green’s function reads

The bispectrum is (z being a function of order 1) 
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Where does large-scale non-

Gaussianity come from

(in standard inflation)?

" Falk et al. (1993) found fNL ~ x ~ e2 (from non-linearity in the
inflaton potential in a fixed de Sitter space) in the standard
single-field slow-roll scenario

" Gangui et al. (1994), using stochastic inflation found fNL ~ e
(from second-order gravitational corrections during inflation).
Acquaviva et al. (2003) and Maldacena (2003) confirmed this
estimate (up to numerical factors and momentum-dependent
terms) with a full second-order approach. Weinberg extended
the calculation of the bispectrum to 1-loop …

" Bartolo et al. (2004, 2005) showed that second-order
corrections after inflation enhance the primordial signal
leading to fNL~ 1
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Evaluating NG: from inflation to

the present universe

" Evaluate non-Gaussianity during inflation by a self-consistent second-
order calculation (or equivalent techniques, …)

" Evolve scalar (vector) and tensor perturbations to second order after
inflation outside the horizon, matching conserved second-order
gauge-invariant variable, such as the comoving curvature
perturbation z(2) (or non-linear generalizations of it), to its value at the
end of inflation (accurately accounting for reheating).

" Evolve them consistently inside the horizon # compute second-order
radiation transfer function for CMB and second-order matter transfer
function for LSS
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Summary of NG from inflation

• Quadratic non-linearity on large-scales (up to ISW and 2-nd order

tensor modes). Standard slow-roll inflation yields aNL~ bNL~ 1

• Cubic non-linearity on large-scales (up to ISW and 2-nd order tensor

modes) reads

leading contribution to bispectrum::

additional contribution to trispectrum (together with fNL
2  terms):

Bartolo, Matarrese & Riotto, 2005; D’Amico, Bartolo, Matarrese & Riotto, 2007, in prep.

Include
SW +

ISW up

to 3-rd

order
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What Inflation predicts

(summary)

$ Standard single-field slow-roll inflation predicts aNL-1

~10-2  (Acquaviva et al. 2001; Maldacena 2001) and

similarly tiny values for higher-order parameters,

such as bNL-1

$ Alternative models (e.g. curvaton, inhomogeneous

reheating, multi-field, DBI, etc. …) can lead to much

higher values for parameters like aNL-1 and bNL-1
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Inflationary predictions for fNL
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NG CMB simulated maps

Liguori, Yadav, Hansen, Komatsu, Matarrese & Wandelt 2007
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Observational constraints on fNL

$ The strongest limits on non-
Gaussianity comes from 3-yr WMAP
data. Spergel et al. (2006) find (95%
CL):

       Creminelli et al. (2006): - 36 < fNL< 100

$ According to Komatsu & Spergel
(2001) using the angular bispectrum
one can reach values as low as

      with WMAP  &

      with Planck can be achieved

$ (E-mode) polarization information and
the fNL momentum-dependent
characteristic inflation + non-linear
evolution signature might enhance the
S/N for NG detection.

Komatsu et al. 2003

- 54 <  fNL < 114

|fNL| = 20 

|fNL| = 5
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Constraining Non-Standard

Inflation with Planck

Searching for NG in Planck data will require accurate handling of residual

NG from systematics (foregrounds, point sources, NG induced by map

making)

Yadav, Komatsu and Wandelt 2007

November 27, 07 XIX Canary Islands Winter

School of Astrophysics

22

The shape of Non-

Gaussianities
• Babich et al. 2005

• Creminelli, et al. 2005

Different models for the generation of NG

may lead to different shape dependence of

the bispectrum, which are very important 

for constraining NG (see L. Senatore talk)

November 27, 07 XIX Canary Islands Winter

School of Astrophysics

23

Searching for non-Gaussianity

with LSS

$ Verde et al. (1999) and Scoccimarro et al. (2004) showed that constraints on
primordial non-Gaussianity in the gravitational potential from large redshift-
surveys like 2dF and SDSS are not competitive with CMB ones. However LSS
has the advantage of probing a 3D field and it gives complementary
constraints, as it probes NG on different scales than CMB.

$ Going to redshift z~2 makes LSS competitive (Sefusatti & Komatsu 2007).
Going to even higher redshifts (e.g. through SZ cluster surveys or via 21-cm
background anisotropies) largely helps, as the effective NG strength in the
underlying CDM overdensity scales like (1+z) (Pillepich, Porciani & Matarrese
2006; Cooray 2006).

$ Primordial non-Gaussianity also strongly affects the abundance of the first non-
linear objects in the Universe, thereby modifying the reionization epoch (Chen
et al. 2003). Also: primordial black-hole abundance.
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Searching for non-

Gaussianity with rare events
! Besides using standard statistical

estimators, like bispectrum, trispectrum,
three and four-point function,  skewness ,
etc. …, one can look at the tails of the
distribution, i.e. at rare events.

! Rare events have the advantage that they
often maximize deviations from what
predicted by a Gaussian distribution, but
have the obvious disadvantage of being …
rare!

! Matarrese, Verde & Jimenez (2000) and
Verde, Jimenez, Kamionkowski &
Matarrese showed that clusters at high
redshift (z>1) can probe NG down to fNL ~
102 which is, however, not competitive with
future CMB (Planck) constraints.

! Improved formula obtained by LoVerde et al.
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Can we detect inflationary NG with

21cm background anisotropies?

Pillepich, Porciani & 

Matarrese, 2006

see also: Cooray 2006

November 27, 07 XIX Canary Islands Winter

School of Astrophysics

26

Is the expected signal detectable

by future radio experiments?

Hypotheses: 

• Ideal, full-sky experiment

• Measurements just limited by 

       cosmic variance

• Perfect subtraction of foregrounds 

" Experiments with arcmin-scale resolution # gravitational NG with S/N ~ 100

" Experiments with arcmin-scale resolution # primordial NG with S/N ~ 0.1 fNL

However: gravitational lensing

Important! 
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    z = 0z = 0
  ff

NLNL= = 00

Gaussian model

   ff
NLNL  = -1000= -1000  ff

NLNL= = +1000+1000

M. Grossi, K. Dolag, E. Branchini, S. Matarrese & L. Moscardini 2007

80080033  particlesparticles,,

correspondingcorresponding  toto  mass-mass-
resolutionresolution of m  of m ""  2 *102 *101010

solarsolar  massesmasses

box: box: L=500L=50033 ( (MpcMpc/h)/h)33

10 10 Mpc/h Mpc/h SlicesSlices

Non-Gaussianity and non-linear 
gravitational evolution
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DM halo mass-function in NG models

Grossi et al. 2007 find that 

deviations from the Gaussian

mass-function are in excellent

agreement with the theoretical 

predictions in (Matarrese, 

Verde & Jimenez 2000)
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Conclusions & future

prospects
% Inflation provides a causal mechanism for the generation of

cosmological perturbations

% CMB and LSS data fully support the detailed predictions of
inflation

% The direct detection of:

& primordial gravitational waves

& primordial non-Gaussianity

     with the specific features predicted by inflation would provide
strong independent support to the model
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Some review articles

on Inflation

'Bartolo N., Komatsu E., Matarrese S. & Riotto A.
2004, Phys. Rept. 402, 103 (astro-ph/0406398)

'Riotto A., 2002, preprint hep-ph/0210162


